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Introduction

The study of material defects has been of much interest to the scientific community in

recent years. This has been motivated by its direct application to engineering, where

the presence of defects have a real and direct effect on material properties.

Grain Boundaries and Dislocations

Many solid materials exhibit a polycrystalline form, where their atomic structure is com-

posed of a number of interacting, mutually rotated, sublattices known as grains, which

are connected by grain boundaries.
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Grain boundaries resulting from a small angular mismatch have been shown to be

composed of line defects known as edge dislocations, which can be found in regions

of lattice misalignment. Indeed, grain boundaries form as to minimise the stress due

to the presence of defects.

Read-Shockley Law

In classical linear elasticity theory, dislocations at positions x and y interact via

W (x− y) where

W (x) := − log |x| + x2
1

|x|2
x ∈ R2, (1)

Under this model, in [RS50], Read and Shockley obtained the energy density of a

wall of equispaced dislocations to be

E(θ) = E0θ(A− log θ) (2)

for a small angle 0 < θ � 1 and material constants E0, A.
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Flaw: Core radius approach used; ignores fine contributions from dislocation cores.

Question 1: Is the Read-Shockley law valid for a more refined dislocation model?

Ariza-Ortiz Dislocation Model, see [AO05]
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Removes need for dislocation core approximation as can treat dislocation

directly

Provides a more precise model of dislocations through an atomistic

approach

Simple enough to perform analysis

Undeformed Deformed

The energy of a lattice in the presence of a dislocation q can be defined as the optimal

Ariza-Ortiz Hamiltonian under displacement and slip fields, u, σ, respectively

Energy(q) = min
(u,σ)
dσ=q

∑
x,y∈L
x∼y

[(u(x) − u(y) − σ(x, y)) · (y − x)]2 , (3)

In [GT21], the energy density of an infinite wall of equispaced dislocations, with spac-

ing m, was found to follow the Read-Shockley law, i.e.

EAO(m) = − 1
m

log
(

1
m

)
+ O

(
1
m

)
as m → ∞. (4)

Question 2: Does a wall of equispaced dislocations define a grain boundary?

Energy Density of Dislocation Configurations

Under the Ariza-Ortiz model, the energy density of a periodic wall of dislocations of

densitym and positions X = (xi)Ni=1 ⊂ Lα (with periodicity α = Nm) can be found to

be

EAO
α (X) = 1

α

N∑
i=1

N∑
j=1

Wα(xi − xj), Wα(x) = 1
|Bα|

∫
Bα

ψ(k)eik·xdνα(k). (5)
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Equilibirum Configurations of Dislocations
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In-boundary modulations Equispaced Out-of-boundary modulations

X Follows by convexity of y 7→ Wα(0, y) over lattice points and methods of

[Ven78].

? Work in progress; progressing via comparison to continuum model.

RelatedWork: Equilibrium via Probability Distributions

Equilibrium distributions of dislocations in the sense of measures was determined

for an interaction potentialW and confinement potential V in [CMM+19], with

W (x;λ) = − log |x| + λ
x2

1
|x|2

V (x) := |x|2

2
λ ∈ [−1, 1], x ∈ R2. (6)
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Adherence to wall like structures determined in limit |λ| → 1−, representing grain

boundaries.
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